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ABSTRACT

A study was made of a method previously suggested for constructing
a passive dircction finder capable of determining the azimuth and ele-
vation of an electromagnetic wavefront. This direction finder consists
of a two-wire, Archimedian, spiral antenna and a phase comparator.
Angular information of accuracy too low for the intended application is
obtained when the theory and experimental data previously presented are
used. A general theory for the direction finder is established and
methods for accuracy improvement are suggested.

1., INTRODUCT ION

Kaiser et al proposed a spiral antenna direction fiuder described
in reference 1. It was assumed that two radiation modes are character-
istic of the Archimedian spiral antenna (of appropriate diameter) and
that the potentials at the points C and C' in figure 1 due to a wave-
front arriving with coordinates © (elevation angle) and ¢ (azimuthal
angle) may be represented by equations (1) and (2).

= A.er¢ sin © ert

Potential on line C = E =
mode 2

(1)

Potential on line C!' = E = Bedw cos © ert
mode 1

(2)

In the present study it was found that the use of equations (1; and
(2) in conjunction with the experimental data previously presented
(ref 2) leads to errors in the determination of © and ¢. Experimental

values of /P, and Jﬁ; are compared in figures 2 and 3 with the theo-

retically predicted values from equations (1) and (2). Paand Pb are

the detected values of the signals due to the first and second modes,
respectively.

If the crossover point of the radiation patterns of the two modes
is unique and occurs at 6,, then

A sin eo = B cos eo

and it can be shown that
e !
© = tan ! {tan e_ VP, /P }

The quantities tan © and tan™![tan 6, ,/Sa/Pb] are compared in figure 4.
Errors also occur when the experimental data are used to compute

P A table comparing some experimentally determined values of ¢ with
true values of ¢ is given in appendix A, The comparisons are made at
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EXPERIMENTAL =—tt—t—n"
B cos 8

0° 5° 10* 15 20° 25°

Figure 2. A comparison of the tirst mode radiation pattern with
B cos § us a function of 0.
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intervals of 15°. The table is intended to be indicative =f errors in
¢ and not a comprehensive measure of the error. The largest single
discrepancy so found between the true value and measured value of ) is
14.1°., The root-mean-square error for @ for the set of points tabulated
in appendix A is 5.8°.

We are interested in improving the accuracy of the direction finder.

For the purpose intended it was desirrd to achieve an accuracy of 0.5 deg.
]

This report consists of six sections: (1) Introduction, (2) General
Theory of Direction-Finder Operation,'(a) Mathematical Pattern Represen-
tation, (4) Changes in Antenna Structure to Obtain Pattern Fit, (5) Error
Analysis, and (6) Conclusions

Section 2 establishes a general theory for direction-finder opera-
tion. This theory uses Kaiser's ideas as a base and adds theoretical
knowledge of the equiangular spiral antenna to aid in a more general
formulation of the direction-finding problem. (Given amplitude and
phase information from two antennas, we seek to establish that it is
possible by appropriate manipulation to determine the azimuth and ele-
vation of a source.) It is later suggested that the Archimedian antenna
can be considered to be a special case of the equiangular antenna. The
general formulation of section 2 describes a need for establishing a
mathematical representation for the ratio of antenna amplitude patterns,
Thisa ratio is a function of the elevation angle, 6. Two methods for
obtaining this representation are suggested. 8Section 3 describes the
first method, a technique for fitting an experimentally obtained ratio
with a set of decaying exponentials, The technique is demonstrated
(as an example) by fitting the data given by Kaiser for his Archimedian
antenna. 8Section 4 describes an alternate method for obtaining a mathe-
matical representation of the desired ratio. First, a theoretical
description of the antenna radiation patterns is presented. (This
theory 1is also required in section 2 to aid in establishing the general
theory.) By the manipulation of a critical antenna design parameter,
the radiation patterns of the antenna can be theoretically manipulated
so that the desired ratio closely approximates a known function. Again,
the technique is demonstrated as an example. The errors that are incurred
by the use of the Archimedian antenna (as experimentally presented by
Kaiser) are examined in section 5 with the aid of the general theory.

2. GENERAL THEORY OF DIRECTION FINDER OPERATION

To understand the theoretical operation of the direction finder,
it is necessary to consider some of the characteristics of the spiral
antenna. - We assume that the antenna can operate in only two basic
modes. We will say the first mode has been excited when currents that
are out of phase are generated by the antenna on lines D and D' (fig. 1)
[(1ine D with 1_eJ®t and line D' with 1 _eJ(Wt + M ]  gimilarly, we will
say that the second mode has been exci%ed when lines D and D' carry

currents that are in phase [lines D and D' with 129Jwt]




We assume that the currents on lines D and D' due to simultaneous
reception of the first and second modes have an amplitude and phase
structure that is a linear combination (superposition) of the ampli-
tudes and phase structures of the currents cdue to the first and second
modes, Then, in general, line D will carry a current 11e bt :lze-j“’t

J(wt + ™ Jut

and line D' will carry a current ile + 12e

We assume the following general representations for 11 and 12.

t
1,(t,8,p) = rl(e,g.)ejpl(%w’ eI

t
1,(t,8,p) = £,(6,e F2( ) I¥

Therefore,

(£ eJpl

2 fz JPb] ert

1D(t,e,¢) +

Similarly,

15:(t,0,9) = [rle-’(’l"’"’,. tzeJPz] St

When the signals 1D and 1D'

parator (thus performing an addition and a subtraction) the result is:

sare processed by the first phase com-

a. On line C (the line where the sum, iD + 1D" appears)

JP Jot
1,(t,0,p) = 2f,e 2 e
b. On line C' (the line on which the difference, iD = 1D"
appears)
JP1 _Jut
14(t,9,w) = 2f1e e

If half the power of the signal in each line is detected (square

law) Pa and Pb are generated.

P, = 217 (8, o) (3)

P, = 2f; (e, o) (4)




Ay

12

If 15 is delayed by 90° and added to ig (as shown in fig. 1) and then
detected, Pé results.

— 3 = 3
P, = {tl + f; + 31,2, sin (P, - P))} (5)
1t 16 is added to ig5 and then detected, Pa results,
f
|
P, = {f] + 3 + 21,2, cos (Py - P} (6)

These are the only quantities essential for the direction finder
operation.

We wish to show that © and @ can be found by solving equations
(7), (8), and (9), simultaneously.

(£/2,)® = P,/P, (N
Pp - 1% _ o8 2P-P-P
Pz -P = sin"[ < 3 flz 2] lin"'[ I S ] (8)
18 T 2(1'..1",)i '
P, -2 -7 2p-P -P
Pé - P1 = c03-1[ 4 0 t‘; 3 ] = cos'l[ d - i b (9)
1°2 2(P.Pb)

Equation (7) is the result of taking the ratio of equuations
(3) and (4). The ratio (tl/’tz)' is known from experiment to be a
strong function of © and a weak function of ¢. Equations (8) and (9)
are the result of solving equations (8) and (6) for Pb - Pl’ The dif-

ference Pé = Pl is known to be a strong function of ® and a weak func-

tion of €. Both equations (8) and (9) are needed to determine the
quadmant of ¢ unamibiguously.

Conditions must beAutt-chod to £ 4

1’ I Pl, and Pk, to guarantee

a solution and to establish that 6 and ¢ can be unambiguously determined.

We have written these functions in as general a form as possible so as
to allow for the incorporation of the greatest latitude in the behavior

of the antenna.

To make simplifying assumptions about fl, fz Pl, and Pz, we need

[\



to anticipate material that appears in section 4, where it is established
that the far radiation field of the spiral antenna for a specific mode
may be represented as the product of a function of 6 and a function of

® of the form

E =X (0)el @0t
n n

where n refers to the mode number. For the first mode n = 1, Further-
more (from section 4):

X (0) = Fn(G)c-JR“(e)

Substituting for X (6)

E = Fn(e)e-JR“(eoeJnGEJwt = Fn(e)ed[n¢ = Rn(e)] eJot

n
WQROWS SR E LY, Fn(e) g an(e) (11 and f, as defined on page 11)
and P_(O,p) as [np - R _(O)] (P, and P, as definad on page 11).

2¢,(8,9) = F,(0)
2f2(6,¢) = Fz(e)

Pl(e,¢) =@ - Rl(e)

P,(6,p) = 2p - R,(©)

Therefore

It follows that

e 2
P /P, = (F,/F,) (10)
2P - P - P
@ = cos -1[ € & b] - RI(O) + nz(e) (11)
2(papb)i‘

13
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e )

- Pi - P

-2 d b
= sin™ [, ey IBENORS X0 (12)

In order that the direction finder be unambiguous in a hemi-
sphere [0° < ¢ < 360°, 0° < @ < 90°], it 1s necessary to place re-
strictions on the ratio rl/lh and thﬁ difference Pz = Pl. It is
sufficient to require that the ratio:Fl/Pz be monotonic on 0° < e <
80° (or a subinterval of interest) ard that F;, F, > 0. To assure

2
unigueness of Pz - Pl, it is sufficient to require that the difference
R, - R, be single valued for all ©. Equations (7), (8) and (9) have
been written in terms of ratios of the detected quantities. This is
necessary to eliminate the effects of gain.

3. MATHEMAT ICAL PATTERN REPRESENTATION

We wish to find a function to approximate experimentally measured
direction-finder data, We desire an expression for the ratio (Pl/!‘)'

from equation (10).

__.This is done as an example for the ratio computed from experi-
mental data taken by Kaiser (ref 2). This ratio is shown in figure 5.

Note that the experimental curve, 3(®), is monotonic only on the

restricted interval 0° < @ < 60° and not for 0° < @ < 90°, as is neces-

sary to give honi.phoric direction finding. This means the direction
finder will give an umambiguous output only on the restricted interval.,
Nothing can be done to extend the useful range of 6 for this example
since this restriction is assumed to be a characteristic of the Archi-
median spiral antenna. We desire to approximate the experimental
curve 8(0), with high accuracy and by a simple approximation function.
In general this is best accomplished by choosing an approximating
function similar in nature to the signal to be represented. In this
case, the signal to be represented appears to be similar to a decaying
exponential, and therefore an attempt will be made to represent it as
a combination of decaying exponentials. As s first approximation,
3(6) is to be represented on the interval 5°‘5 e < 60° as

3(e) ¥ g(a) = Blekla + Bzekza + Baekaa

where @ = 6 - 5°. The redefinitiocn of © is not essential but is help-
ful to avoid difficulties at the origin. These difficulties occur

because P, becomes small causing the ratio P /P, to become large. We

choose k, = - 0,03 (dez)™' because it "fits" J(Q) in the region
40°< @ < 55° and ther- fore approximates the "slow” (slowly changing)

14
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part of the curve. We choose k; = - 0.10 (deg)™ because it "fits"
8(a) for 0° < @ < 10° and therefore approximates the "fast' (quickly

changing) part of the curve. We choose ko, = -0.0865 (deg)'lbecau-o it

is between the slow and the fast constants. These basis functions are
truncated at @ = 5590,

It would be desirable to choose fhe k's so that

\
la@ - g@]| < ¢ 5
{

or for 0° < a < 55°

[8(@) - g@]® < €, (

where €, or €, is to be as small as possible. Unfortunately these k's

cannot be found easily because the equations that result from a least
square or absolute value optimization technique are nonlinear and have
not been solved analytically as far as is known. It is believed that
high-speed digital computing techniques could be employed to find the
best k's. However, if values of ki are assumed, the f's can be chosen

so that g() approximates 8(x) in the least square sense with respect
to the Bf's. When this is done the following equation is obtained:

() = 13.20-0.h1 - 13.4.-0.065a + 5.6e -0.03x

The details of this calculation are given in appendix B. g(x) can be
made to approximate () as closely as desired by using a greater
number of basis functions. A comparison of 8(x) and g(x) is made in
figure 6.

4. CHANGES IN ANTENNA STRUCTURE TO OBTAIN PATTERN FIT

As an alternate approach, it may be possible to modify the antenna
structure so that the first and second radiation modes can be accurately
represented by some simple functions.

Changes can be made in the structure in a number of ways, some
of which are:

(1) The spacing between the arms of the Archimedian antenna can be
changed. This can be accomplished by varying b in the equation that
defines the Archimedian antenna, r = b 6.

(2) The type of antenna can be changed_from Archimedian to

equiangular and the ¢ in the equation r = eco can be varied.

(3) A reflecting cavity behind the antenna can be changed in shape
and position.
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(4) The dielectric constant of the material used for mounting
the antenna can be varied.

Of these possibilities only the first and second are considered
to be basic. By varying b or c the antenna can be changed from a
dipole-like structure (b, c = ®) to an approximately circular structure
(O<b, ¢c<0.1). If bor c is large (b, ¢ > 0,3), the number of
spiral arms must be large (at least greater than two) to maintain a
radiation pattern with amplitude independent of ¢.

A theoretical analysis of the equiangular antenna sufficient for
the purposes of this paper has been made by Cheo (ref 3). His analysis
requires the assumption of an antenna that is everywhere conducting in
the direction tangent to the curve r = e® and perfectly nonconducting
perpendicular to this direction. Furthermore, this antenna is assumed
to be center-fed so that the total phase change of the exciting voltage
around the center of the antenna is 2 ™™ radians (n an integer) where
n =1 for the first mode of operation, and n = 2 for the second mode of
operation. Cheo assumes the phase change between adjacent feeds to be
constant as shown in figure 7. He assumes the numbe:r of generators
tends to infinity as A tends to zero. This results in a continuous
feeding arrangement,

Cheo theoretically establishes the following results:
|5, l>o, | B | =|E,| (13)

where Er, E_, and E are the radial, elevation, and azimuthal com-

©
ponents of the electric field, respectively.

| Bg | = | P (&) | e JRn(€) Jno (14)

_cos © [tan (0/2)I™ exp [(n/c)tan™? (c cos 8)] (15)
sin © [1 + c®cos® e]é

| F (& |

Rn(e) = (n/2c) [1n (14+c®) cos?e] + tan-l (c cos ©) (16)

| Pn(e) | and R (8) are plotted for the first and second

modes with c as a parameter (n = 1, 2) in figures 8, 9, 10, and 11,

Large changes in shape and amplitude of the radiation pattern

occur as c ranges over the values 0.1 < c < 10 as may be seen in figures

8 and 9. Negligible changes 1in the pattern occur for c¢c < 0.1. As
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Figure 7. The excitation of the infinitely armed equiangular
spiral antenna. n = 1 for the first mode. n = 2
for the second mode,.
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Figure 9. Theoretical second mode radiation pattern, F5(8), for the
equiangular spiral antenna as a function of @.
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menitioned, we wish to adjust c so that the amplitude patterns for the
first and second modes are simple functions.

If c is small (c < 0.1), the equiangular spiral has the general
shape of the Archimedian spiral (b small) for the critical radiating
portion of the antenna. If this similarity is accepted, Kaiser's
results can be used to confirm Cheo's theoretical findings. Comparison
of the experimental and theoretical patterns is made in figures 12 and
13 for ¢ = 0.05, 8Since the value of the gain constant is unimportant,
it has been adjusted to give the best agreement for small values of 6.

A digital computer was programed to calculate numerical values

of F (6) at intervals of A6 = 5°, where ¢ was an easily varied param-
eter. When the results of the calculation are examined, it appears
that the first radiation mode can be accurately approximated by A cos ©
if ¢ 1s chosen somewhere in the range 0.5 < ¢ < 1. The value of 0.620
for c (obtained by trial and error) results in the smallest error. In
this problem, smallest error is difficult to define since a number of
factors need be considered. In general, we want |r (8) - A cos 6| to
be as small as possible everywhere on the interval, although large
errors for © near 90° are more acceptable than for 6 near o°.

Similarly, it is possible to recognize that the second mode can
be approximated by B sin 20 if c is chosen as c = 0.801.

Both values of c were chosen by plotting the difference
[!1(6) - A cos (8)] or [pz(e) - B sin (20) ] and adjusting A and c or
B and ¢ so that the di. [erence appeared to be as small as possible.

Percent theorctical error is plotted in figures 14 and 15 for
the values of ¢ chosen. This error is defined in equation (17).

A cos @ I
or - rn{a)

Percent theoretical error = [ '8 sin 30 —11oo$ (17)

A cos @
Jm-}

[B sin 20

Unfortunately, since the best value of c for the first mode is different
from the best value of c for the second mode, it will be necessary to
use two antennas, one on which only the first moue is excited and one

on which only the second mode 1s excited.

We have assumed we can build the antenna so that

F A cos © (18)

1

F2 = B sin 20 (19)

24
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Figure 12, A comparison of theoretical and experimental first mode
radiation patterns. C = 0.05
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Recalling the argument presented in section 2, P1 and P2 may be
written

Pl(G,cD) =@ - Rl(e) (20

P,(6,p) = 2¢ - R,(8) (21

If the output of the equiangular antenna structure is manipu-
lated by the phase shifter

=] - A® cos®(8) _ A® cos® e
a’”"b T B sin®(20) 4B® sin®(8) cos?(8)

Solving for ©
-1 A P,, P
= 1 — a
) sin 5B J/ / }

o can be found from equations (11) and (12) in section 2,

This section suggests a second method for obtaining a mathe-
matical representation for the ratio of antenna amplitude patterns. It
also suggests methods for obtaining and manipulating radiation patterns
which meet the minimum conditions established in section 2,

S. ERROR ANALYSIS

As mentioned in section 2, the ratio fl/f2 must be monotonic

for the range of 8 of interest. Kaiser's data for the Archimedian
antenna are monotonic only for 00'5 e < 60°, This is considered to

be a characteristic of the Archimedian spiral antenna and restricts the
useful range of © to be less than 60°. There is also a practical limi-
tation on the useful range of © due to the fl/f2 ratio. Br:cause it is

slowly changing from 30° < @ < 60°, small errors in the ccmputation of
the ratio will result in Targe errors in the determination of 6. This
is also considered to be a characteristic of the Archimedian spiral
antenna.

The upper and lower bounds on the error made in computing 6 when
the detected variables are perturbed from their true values are plotted
as a function of & in figure 16. For example, for an input signal
perturbation of 1 percent or.le-a, if an actual value of © is 6 = 40°,
and if the entire system functions perfectly, the computed value of ©
may take on any value in the range 38.2° < 6 < 44.2°,

)
)
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Because fl/f2 changes rapidly for small 6, 6 can be more accu-

rately determined in this region. Noté that because

limit [fl/fz] becomes large
e -0

difficulties may result in determining 6 in the range 0° <ec< 50.

Additional errors in the determination of 6 will be caused if
the ratio is a function of ¢ (i.e., if pattern asymmetries exist as
is the case with the data given by Kaiser). Asymmetries will result
in deviations of the ratio from the curve given in figure 5, and
errors due to this cause alone can result in errors, €, in the

determination of @ of 0° < €< 12°. [A comparison of (fllfz)alcp -0

and 3
nd (£ /f,) |¢ o© 18 given in figure 17.)

= 18

Errors in the determination of © resulting from a combination of
noise and asymmetries are not additive.

The determination of ® is independent of the amplitude functions,

fl and fz. The accuracy of ¢ depends upon the accuracy of the phase

shifting networks in the phase comparator and upon the validity of the

assumptions concerning P1 and Pé.

6. CONCLUSIONS

To determine if the direction finder can or cannot be made to
function with greater accuracy, it will be necessary to determine ex-
perimentally whether the functions fl, fz, Rl, and R2 can be generated

by a spiral antenna to satisfy the conditions previously established.
Preliminary information indicates that fl and 12 for the Archimedian

antenna are not sufficiently well behaved. No information is available

for Rl and RZ. If the minimum conditions cannot be met by the Archi-

median antenna, it may be possible to show that f f2’ Rl, and R, can

1’ 2

be manipulated so that they satisfy the theoretical requirements by
making changes in the antenna design. In summary we need to establish
experimentally that we can build an antenna for which:

(1) f1 and fz are independent of ¢.
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(2) £,/f, is single valued for 0° < e < 90°,
(3) The radiation modes are orthogonal,

(4) Rl and Rz are independent of o.

The passive direction finder using the Archimedian spiral antenna
generates information of low accuracy and is therefore of 1imited use-
fulness., Sufficient experimental information is not presently available
to enable the prediction of possible improvement in accuracy.
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APPENDIX A

Comparison of true and computed values of ¢ (degrees) ; 6 = 30°

Deviation From

True Value True Value True Value
0 -5.8 180
15 -4.9 195
30 -2.2 210
45 +1.1 225
60 +4.4 240
75 +2.5 255
20 -0.4 270
105 -1.8 285
120 -0.9 300
135 +2.0 315
150 +7.0 330
165 +8.4 345
RMS ¢iror = 5.82°

Deviation From
True Value

+8.7

+7.9

+1.8

+9.3

+14.1

+9.6

+1.4

+2.6
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APPENDIX B
Least-square exponential curve approximation

Span the "signal space'” by the three exponentials chosen in section
3. Think of these exponentials as existing on the finite interval
0 < B < 55° and as zero outside the interval. g(a) is to approximate

z(;(&; in the least-square sense by the proper choice of B's in equation
Bl).
kla kaa

g(x) = Bl e + 62 ekza + 53 e (Bl)

the B's may be found by solving the equations

&l 211 212 213 / B
a, = 251 892 223 Ba

ag) 832 233
or
a=0 B, B = 6-18
55°
where a; = I 8(x) ekiadx i=1, 2, 3
o
53
and a ., = [ e*1% ¥ Yy i=1, 2,3
J .o
J = 1) 2,
when the aij's are evaluated, G is found to be
4.999 6.060 7 .686
G =| 6,060 7.686 10.470
7 .68B6 10.470 16.052
/ 23.79 -29 .04 7.547
¢}  -29.04 36.60 -9.971
N 7.547 -9.,971 2.952
27.71
a = 35.48
50 .90
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These equations are solved for f to get:

61 = 13.16’ Bz = -13040, Ba = 5.61

The components of g(a) are graphed in figure Bl.

This approximation technique was derived from unpublished class-
room lecture notes of Dr. W. H. Huzgﬂnl, Johns Hopkins University.
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